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ABSTRACT: We study the issue of symmetries and associated Ward-like identities in the
context of two-particle-irreducible (2PI) functional techniques for abelian gauge theories.
In the 2PI framework, the n-point proper vertices of the theory can be obtained in various
different ways which, although equivalent in the exact theory, differ in general at finite
approximation order. We derive generalized (2PI) Ward identities for these various n-
point functions and show that such identities are exactly satisfied at any approximation
order in 2PI QED. In particular, we show that 2PI-resummed vertex functions, i.e. field-
derivatives of the so-called 2PI-resummed effective action, exactly satisfy standard Ward
identities. We identify another set of n-point functions in the 2PI framework which exactly
satisfy the standard Ward identities at any approximation order. These are obtained as
field-derivatives of the two-point function G~![p], which defines the extremum of the 2PI
effective action. We point out that the latter is not constrained by the underlying symme-
try. As a consequence, the well-known fact that the corresponding gauge-field polarization
tensor is not transverse in momentum space for generic approximations does not consti-
tute a violation of (2PI) Ward identities. More generally, our analysis demonstrates that
approximation schemes based on 2PI functional techniques respect all the Ward identities
associated with the underlying abelian gauge symmetry. Our results apply to arbitrary
linearly realized global symmetries as well.
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1. Introduction

Nonperturbative approximation schemes based on systematic expansions of the two-particle-
irreducible (2PI) effective action [[-[] provide powerful calculational tools in situations
where standard (e.g. perturbative) expansion schemes break down. Successful applications
in recent years include the thermodynamic and/or real-time properties of quantum fields
in equilibrium at high temperatures [, f] (see [A] for reviews) or close to equilibrium [, or
the study of far-from-equilibrium dynamics and late-time thermalization [§, fI] (see [[L], [LT]
for reviews).

An important issue in this context concerns the question of symmetries. One of the
main concerns is that the two-point function defined as an extremum of the 2PI functional,
does not satisfy standard symmetry constraints for generic approximations. For instance,
in scalar theories with spontaneously broken O(N') symmetry, this two-point function does



not exhibit a Goldstone mode [[3, [[J].! A similar situation arises in QED, where the
corresponding photon polarization tensor is not transverse in momentum space at finite
approximation order, see e.g. [[§].2

The origin of these apparent violations of Ward identities can be traced back to the
fact that, contrarily to the usual definition of the two-point vertex function as a geomet-
rical object (i.e. the second derivative of the standard (1PI) effective action), the above-
mentioned propagator is obtained from a variational procedure. It is important to remind
that, in the 2PI framework, not only the two-point function, but all higher correlation
and/or proper vertex functions of the theory can be obtained in various different ways,
see for instance [[L§, [[9]. Of course, these different definitions are fully equivalent in the
exact theory. However, this is not true in general at finite approximation order. The key
point is to realize that symmetry constraints on n-point functions can be very different
depending on which definition one is using. For instance, the two-point function can be
obtained either as an extremum of the 2PI effective action, or as the second derivative of
the 2PI-resummed effective action, i.e. the 2PI functional evaluated at this extremum in
propagator space. These are very different objects and are thus constrained differently by
the underlying symmetry. In fact, it has been pointed out that the second derivative of
the 2PI-resummed effective action does satisfy Goldstone theorem for scalar theories in the
broken phase [[[d, [[7] and, similarly, that the corresponding polarization tensor in abelian
gauge theories is indeed transverse in momentum space [L1]].

Another important issue in the 2PI framework, deeply related to symmetries, concerns
the question of renormalization. There has been important progress in this context in recent
years [R0, [[§, BT).> The basic issue is that an intrinsically nonperturbative renormalization
procedure is required in order to deal with (partial) resummations inherent to 2PI approxi-
mation schemes. The renormalization of the variational equation for the two-point function
is now well understood for theories with scalar 2, [[7] and/or fermionic 1] degrees of free-
dom and, recently, a complete renormalization procedure for the 2PI-resummed effective
action — that is for all n-point proper vertex functions of the theory — has been developed
for scalar theories [[§. As an important result, it has been shown that global symmetries
— including spontaneously broken symmetries — are preserved by renormalization. This
generalizes the standard results of renormalization theory to 2PI renormalization.

It is important to extend these studies to theories with local symmetries. We have
achieved this program for abelian gauge theories. The present paper is the second of a
series of three, where we present our results. In ref. [@], we have discussed the renor-
malization of the variational equations for the photon and fermion two-point functions
in QED. This requires one to introduce new counterterms, which do not appear in usual
perturbation theory, but which are allowed by the 2PI Ward identities. Therefore, the
underlying gauge symmetry is preserved by renormalization. In ref. [24] we extend on

!See however [@]

2Tt must be stressed however that, for systematic approximation schemes, such as for instance 2PI loop-
or 1/N-expansions, these apparent violations of standard Ward identities only occur at higher order than
the approximation order, see e.g. [E, @]

3See also @] for an approach based on the functional renormalization group.



this and develop a complete renormalization theory for the 2PI-resummed effective action,
generalizing the techniques put forward in [[I§] for scalar theories. As a general result, we
show that renormalization preserves the local symmetry (i.e. Ward identities) at any finite
approximation order. This yields a systematic procedure to define (UV) finite approxima-
tion schemes which respect all the symmetries of the theory. However, before embarking
on such an analysis, it is important to identify the different constrains that symmetries of
the classical theory put on the various m-point functions in the 2PI framework. This is
the purpose of the present paper. We restrict to the case of linearly realized symmetries
and focus on the example of QED to illustrate our point. It is crucial to distinguish the
symmetry constraints on the 2PI effective action from the usual symmetry constraints on
the standard (1PI) effective action. We shall generically call the former the 2PI Ward
identities and the latter the 1PI or standard Ward identities.

In section [, we describe the 2PI formulation of QED, employing a superfield formalism
to deal with bosonic and fermionic fields in a unified way. We point out the importance
of including mixed (e.g. boson-fermion) correlators in the description. Section B is the
core of the paper. We analyze the implications of the underlying gauge invariance of the
theory on the bare 2PI functional. This results in generalized Ward identities for the
various n-point proper vertex functions of the theory. We focus on two particular families
of n-point functions in the 2PI framework: we call the first one the set of “2PI-resummed
vertex functions”, defined as field derivatives of the 2PI-resummed effective action, and the
second one the set of “2PI vertex functions”, obtained as field-derivatives of the inverse
propagator G ![p], which defines the extremum of the 2PI effective action in propagator
space. Equivalently, these 2PI vertex functions can be obtained as solutions of appropriate
Bethe-Salpeter-like equations.

We show that the former, the 2PI-resummed vertex functions, exactly satisfy standard
Ward identities, as is to be expected from their geometrical interpretation in field space.
This generalizes the standard result for (1PI) vertex functions. As a more unexpected
result, we find that, except for the two-point function G[p] itself, the 2PI vertex functions
also exactly satisfy the standard Ward identities. This is one of the central results of this
paper. It plays a crucial role in the renormalization program [R4]. It is also of particu-
lar importance for various possible applications of 2PI methods to abelian gauge theories.
For instance, this yields an efficient way to construct systematic non-perturbative approx-
imations to the QED photon-fermion-antifermion vertex which satisfies the usual Ward
identity. This guarantees for instance, that standard low-energy theorems [Rg] are satisfied
at any approximation order. It is also important in the context of transport coefficients
calculations, such as the QED electrical conductivity, see e.g. [2]. Finally, this provides a
useful guide to devise gauge-invariant truncations of Schwinger-Dyson equations.

Our analysis also reveals that 2PI Ward identities do not put any direct constraint
on the two-point function G[y], but only on its field derivatives. For instance, as already
noticed earlier [2], the photon polarization tensor obtained from the extremum of the 2PI
effective action in QED is not constrained to be transverse in momentum space at any
finite approximation order. Conversely, the nontransversality of the latter should not be
interpreted as a violation of (2PI) Ward identities. In other words, the 2PI functional has



no reason to satisfy the 1PI Ward identities. The reason for the “variational” polarization
tensor to become transverse in the exact theory is that it gets identical to the “geometrical”
polarization tensor, i.e. the one obtained from the 2PI-resummed two-point function, which
is indeed constrained to be transverse by Ward identities.

For the above results to be useful at all, they should hold for practical approximations.
In section ], we discuss the symmetry properties of the standard diagrammatic expansion
of the 2PI effective action [f]. We show how to systematically construct gauge-invariant
approximation schemes — i.e. which preserve the (2PI) Ward identities to all orders of
approximation. For the particular case of QED, we find that any approximation is gauge-
invariant in this sense.

A more general discussion of nonlinear (local) symmetries and corresponding Slavnov-
Taylor identities for nPI effective actions, as well as some technical material and a discussion
of particular aspects of scalar QED are given in the appendices. Finally, we mention
that, although the analysis presented in this paper concerns the case of abelian gauge
theories, our results hold for arbitrary theories with linear global symmetries, including
spontaneously broken symmetries.

2. The 2PI effective action in QED

2.1 Generalities and superfield formalism

We consider QED in the covariant gauge and use dimensional regularization. The gauge-
fixed classical action reads, with standard notations,

st = |

xT

{w [z’@ —eA— m]z/} n %A“ [gW82 (- )\)8“&,} A”} . (21)

where fm = [ d%z and X is the gauge-fixing parameter. Aside from the gauge-fixing term,
the classical action is invariant under the gauge transformation

Y(a) = (), o) — e (), Au(e) — Aule) — é%a(m)’ (2.2)

where a(x) is an arbitrary real function. The free inverse fermion and photon propagators

are given by

iDa’éa(x, y) = [Z@x - m]aa 5(4) (1‘ - y) ) (2'3)
Z‘Ga;lw(%y) = [g;wai - (1- A)@ﬁ@f] 5 (x—y). (2.4)
It is convenient to grab the bosonic and fermionic fields A, ¢ and v in a 12-component
superfield
A
e=1 v |, (2.5)
let

where t stands for transposition, here of Dirac indices. We assign a fermion number g,
to each component ¢, of ¢ such that g, = 0 for bosonic (A-like) components, ¢,, = +1



for fermionic 1-like components and ¢,, = —1 for fermionic 1-like components. Also, for
simplicity, we employ a notation where the space-time variables, if not written explicitly,
are put together with the Lorentz, or Dirac, or superfield indices. Repeated indices are
implicitly summed over, which includes an integration over space-time variables.

Since we deal with Grassmann variables, we may have to distinguish between left (L)
and right (R) derivatives, defined as follows: The variation dF of a given functional F[y]

under an arbitrary variation d¢ of its argument is given by

(2.6)

In the present paper, we mostly use right derivatives. Therefore, we adopt the convention
that, unless explicitly specified, functional derivatives are understood as right derivatives.
Moreover, successive (right) derivatives are noted such as the rightmost derivative acts
first:

1 0"F
F o] = —0p1...00, ——————. 2.7
lp+3¢] T%:On! 1 v 0pn ... 0p1 27)
We write the classical action eq. (2.]) as
Sle] = Solg] + Sint[¢] (2.8)
with free (quadratic) part
1 Y
Solep] = 2 PmiGo mn P » (2.9)
and interaction part Sin[p]. Eq. (.9) defines the inverse free propagator Gy 1. One has
equivalently
_ 3*S[y]
Gk = (=) . 2.10
0, ( ) 5(pm5(pn =0 ( )

The only nonvanishing components of G5 ' are given by eqs. (£-3)-(B-4):

iGyt 0 0
iGy ! = 0 0 (=ipyh)" |, (2.11)
0 iDy* 0

where the symbol ¢ for transposition includes space-time variables.
To define the 2PI effective action, one introduces the following generating functional [H:

SWIT.K] _ / D e HSBIHom Tt §omn Knm} (2.12)

with linear and bilinear external sources 7 and . Notice that the components 7, and C,,,,
of these classical sources are either usual (commuting), or Grassmann (anti-commuting)
functions, as appropriate. It follows from eq. (R.19) that the bilinear source K has the
following property under transposition in superfield space:

Konn = (—=1)Im0[C, (2.13)



The connected one- and two-point functions ¢ and G in the presence of sources are defined
as

oW
= 2.14
6T " (214
and 5T )
L
= — (©Om ©n mn) - 2.1
K. = (om on + Gmn) (2.15)

The 2PI effective action is the double Legendre transform of the generating functional

WI[T, K

oW oW
Taprilp, G] = W[JT,K] — 5?7 Tm — 5,é Knn - (2.16)
One has the obvious relations:
OrI'2p1
Q< — —Jdm — Pnlinm 2.1
om T, wnlC (2.17)
and opl 1
RrLop1
s = — =z nm - 21
G 2N (2.18)

Using the decomposition (R.§) of the classical action, the 2PI functional can be para-
metrized as (see [, P] and appendix [B)

Topile, G] = Soly] + % StrLng ! + % Str Gy 'G + Tinele, G, (2.19)

where Str denotes the functional supertrace (see appendix B)), Gy 1'is the free inverse
propagator defined in eq. (R.10) and I'jy[p, G] is the set of closed two-particle-irreducible
(2PI) diagrams — up to an overall factor (—i) — with lines corresponding to G and vertices
obtained from the shifted action Sin[¢+ @], where ¢ is the integration variable in the path
integral representation (R.13).

The physical correlator G[p] in the presence of a nonvanishing field ¢ is obtained

for vanishing bilinear sources JC = 0, which corresponds to the stationarity condition, see

eq. (R.18),

or
2P1 [807 g] — O . (220)
oG Glel
Using the properties of the supertrace (see appendix J), this can be written as
G el =Gy —Zlel, (2.21)

where the components of the self-energy ¥[¢] are given by

= qn 2 6Fint [80, g]

S nliel = (~1) (2.22)

OGnm ‘gw '
Finally, the effective action I'[¢], the generating functional for 1PI n-point vertex
functions, is obtained as

Tlg] = Topile, Glel] - (2.23)
This defines the 2PI-resummed effective action. The above equation is a trivial identity in
the exact theory. For finite approximations however, egs. (R.19), (B:20) and (£:23) define
an efficient way to devise systematic nonperturbative approximations of the effective action
I'[¢] through systematic expansions of the functional I'yy[p, G] in eq. (R.19) [Ig.




2.2 A note on mixed two-point correlators

As described above, in order to define the 2PI effective action in full generality, one needs
to introduce all possible bilinear sources in (R.19) or, equivalently, all two-point correlators
for Maxwell and Dirac fields (see also [27-R9]). These include the usual ones:

G (@,9) = (4@ AW)) i Dajle,y) = (val@lis)) | (2:24)
as well as the mixed correlators:
Kau(w.y) = (Ya@A@)) i Kup(ey) = (Au@)ds0)) (2.25)
and
Fapley) = (Yal@)is®)) 5 Faple,y) = (Bal@)dsl)) . (2.26)
Here, the brackets denote expectation values in presence of external sources:*
(Flgl) = 23 , (2.27)

f D(ﬁ ei{S[@]'Ham Jm-i-%@m@n Knm}

and the subscript ¢ stands for connected expectation values. Notice that G, D, F and F are
usual commuting functions, whereas K and K are anticommuting (Grassmann) functions.

The various correlators (R.24)—(2.2() can be put together as components of the con-
nected correlator of superfields

G = <¢ ¢t>c, (2.28)
or, in components, Gpn = (Pm@n).. One has explicitly,
G K' K
¢=|xk F D]|. (2.29)
Kt —-D' F
Notice that under transposition, see also eq. (B.13),
Gmn = (—1)1m0G,,pp, . (2.30)
It follows that the inverse propagator has the symmetry property
G = (—1)dmdnFamtinGol (2.31)

One easily checks, using eqs. (.1() and (2.23), that both the free inverse propagator Gy !

and the self-energy X[p] behave as inverse propagators under transposition, as they should,
see eq. (R.21)). One has, explicitly,
B
= By Bew X5,
X4 Xy Tgh

4In terms of field operators, the above correlation functions should involve a bosonic/fermionic 7T-
product. This, however, is not needed in the path integral formulation employed here.



All mixed correlators vanish in the absence of external sources.” But it is important to
stress that their role is crucial in intermediate calculations involving functional derivatives.
For instance the function 5F2p1/5K(SK does not vanish for I = 0. Only in a few specific
cases, when one restricts one’s attention to simple particular vertex functions, do these
mixed correlators play no role and can be discarded from the beginning, that is directly at
the level of the 2PI effective action (see below).

2.3 2PI and 2PI-resummed vertex functions

In the 2PI framework, n-point vertex functions can be obtained in different ways, see
e.g. [l6-[L9), all of which are of course strictly equivalent in the exact theory, but which
differ in general for finite approximations. The most straightforward definition is via the
usual n-th derivatives of the (2PI-resummed) effective action (R.23):

§"Ie]

F(n) = — -
1..n 5@n6801

(2.32)

@
taken at ¢ = @, the physical value of the field, obtained from the stationarity condition

o[
o1

=0, (2.33)

@

which corresponds to vanishing external sources, see egs. (R.17) and (R.1§).°® We shall refer
to the vertex functions (R.33), obtained from the 2PI-resummed effective action (R.23), as
the 2PI-resummed vertex functions.

Other possible definitions of n-point vertex functions involve derivatives of the 2PI
generating functional (R.I9) with respect to the two-point function G, see e.g. B0, [, [[1—
[[9). For instance, the two-point vertex function, which is nothing but the field self-energy
can either be obtained from the second derivative of the 2PI-resummed effective action, as
in eq. (R.32) above, or directly from eq. (R.24). In turn, higher n-point functions can be
obtained as derivatives of the self-energy X[i]:

qm 3P Enmli]

a-(0+2)
4 = (-1 .

mn;l---p (234)
The fact that VP2 defines the (p + 2)-point vertex function directly follows from the
relation: 21,

0°I'[p -
1) —1 2.35
which holds for arbitrary ¢ in the exact theory, as shown in appendix [J (see also [f]). In
the exact theory, one has therefore

V(p+2) _ F(IH‘Q) (2.36)

mn;l---p mnl..p>

5 More precisely, in the absence of fermionic and mixed sources, i.e. J,, = 0 for ¢, # 0 and K,,, = 0 for
gm + gn # 0, the theory has a global U(1) symmetry, which implies, in particular, that ¢m,m = 0 for ¢gm # 0
and Gy = 0 for ¢m + gn # 0.

5For (gauge fixed) QED in C-invariant physical states, @ = 0.



for p > 0. We shall refer to the functions V), defined in eq. (P:34) for n > 2, as the
2PI n-point vertex functions.” There are other possible definitions of higher order vertex
functions involving more than one derivative of the 2PI effective action with respect to the
two-point function G [BQ, [, [l§, [[9]. We shall not consider these in the present paper.

At finite approximation order, the identity (2.35) — and therefore (R.36) — is not sat-
isfied in general and thus the various definitions of n-point vertex functions, e.g. egs. (R.32)
and (R-34), differ. Notice however that for systematic 2PI approximation schemes, such
as for instance a loop- or a 1/N-expansion, the identity (R.3§) is only violated at higher
order than the approximation order, see e.g. [I§—[[J). Therefore, the different definitions
of n-point vertex functions all agree with each other at the approximation order.®

The 2PI-resummed vertex functions (R.32) can be directly related to the 2PI vertex
functions (2.34) through eq. (.:23). Indeed, derivatives of the 2PI-resummed effective
action I'[¢] implicitly involve derivatives of G[p], which can be directly related to the 2PI
vertex functions (.34) through eq. (2.21)). Here, we illustrate this point focusing on cubic
theories — relevant for the present QED case — for which various simplifications occur
(see [R4] for a detailed discussion). For a cubic interaction, we write the interaction term

in the classical action as 1

Sint [(P] = ? )\mnp PmPnPp 5 (2-37)
where the classical vertex A is such that, for each permutation of a pair of neighboring in-
dices, Apnp = (—1)%m9 Xy, ete. Notice also that Lorentz invariance implies that Ay, 7 0
only if ¢, + gn + g, = 0. Thus the only nonvanishing components of A are c-numbers. For

such theories, it is easy to see that the p-dependence of T'iy[p, G] is all contained in the

zero-loop (classical) and one-loop contributions:?
Tint[2,G] = Sins ] + Tt [0 ] + (3], (238)
where )
—loo
Filnt p[% g] =3 )\mnp Pm gnp . (239)

2
Here, I'3[G] is the sum of n-loop closed 2PI diagrams with n > 2, with lines given by G and
vertices given by eq. (R.37). Therefore, the first derivative of the 2PI-resummed effective
action has the simple exact expression
oI olgpr| 65 1

r— =—+ A mngmn ) 2.40
50 So1 g opr 2 1 (] ( )

where we used the stationarity condition (R.2(]) in writing the first equality. Differentiating
once more with respect to the field, one obtains the following expression for the 2PI-

"We stress that the name “2PI vertex function” is meant to recall the definition of these functions.
It should be kept in mind that these are really proper vertex functions and are, therefore, one-particle-
irreducible, not two-particle-irreducible objects.

8This is for instance crucial for the renormalization program .

9For cubic theories, the only closed 2PI diagrams one can construct with the p-dependent vertices of
the shifted action S[¢ + ¢] have either zero (classical vertex) or one loop, see also section E below.



resummed two-point function (see [R4] for details),

) _
54525@1 - (_1)Q1ig(;’211 * %Almn <g i g> ’ 241
o} mn
where the term between brackets is to be interpreted as a matrix product and it is also
understood that the r.h.s. is to be evaluated for ¢ = . Here, we explicitly used the fact
that @ = 0.10
Taking further derivatives with respect to the field ¢, one easily obtains explicit expres-
sions for higher 2PI-resummed vertex functions in terms of 2PI-vertices (.34). As clear
from the above example, 2PI-resummed vertices of a given order involve higher-order 2PI
vertices in general. For instance, to compute the 2PI-resummed two-point function I'?)
through eq. (R-41)), one needs the 2PI three-point vertex V) o 6% /d¢. As for 2PI vertices
themselves, they are solution of integral, Bethe-Salpeter-like equations [B0, fi, [[§, [[9, B4].
For instance the 2PI three-point vertex discussed here satisfies the following equation [24]:

In 02 mn
d “p

(-1) (2.42)

5 0% 2\ 200y
9—9|
6901) >ab 0Gab0Gnm

g
where it is again implicitly understood that ¢ = @ on the r.h.s. of the equality. Similar
equations can be derived for higher-order 2P1 vertices. It is to be noticed that the equation
for a given 2PI vertex only involves 2PI vertices of equal or lower order (see e.g. [L§, B4, [L9]).

It is instructive to write the above equations in terms of the components of the super-
fields in the case of QED. The only nonvanishing components of the classical vertex are
the various permutations of

My e (@ 9:2) = =€ 8 (x — ) 6 (2 = 2), (2.43)

where we made explicit the space-time dependence. The interaction part of the 2PI effective

action is given by eq. (R.3§) with the classical term

Stue[ A, 16, ] = —e / Ba) A (), (2.44)

and the one-loop term

MLP14,0,5.6) = ¢ [ {6lA@)D(.0)] - 30 K(w.0) - Kwa)i@)} . (2.45)
This is represented diagrammatically in figure fl. The functional I';[G] is the sum of closed
2PI diagrams with the usual QED vertex and with lines given by the various components
of G, see eq. (R-29). The first (two-loop) contributions are represented in figure .

10We also used the fact that in the absence of external fermionic and mixed sources, the theory has a
global U(1) symmetry corresponding to net fermion number conservation. As a consequence, any quantity
having a nonvanishing fermion number vanishes. For instance, the mixed components of the correlator
vanish; also §%mn /0@, = 0 unless gm + gn + ¢ = 0, etc.

,10,
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Figure 1: Explicit one-loop contributions to iljy[p, G] in QED, see eq. (2.45). The crosses
represent the fields A, 1) or ¢; The straight line in the first graph represents the fermion correlator
D = (1), while the mixed wavy-straight lines in the last two diagrams represent the mixed boson-
fermion correlators K = (1 A) and K = (Ay). Arrows are associated with a 1 if they point towards
a vertex and with a 1 otherwise. The black dot represents the usual QED vertex. Together with
the contribution from the classical action, this gives the exact field-dependence of the 2PT effective
action in QED.

R RS

Figure 2: Leading (two-loop) contributions to iI'2[G] in QED in a loop expansion. Wavy lines
represent the gauge field propagator G = (AA); Stralght lines represent the fermion correlators
D = (), F = () and F = (1p¢); Finally, mixed wavy-straight lines represent the mixed
boson-fermion correlators K = (1)A) and K = (A¢). The convention for arrows is the same as in
figure 1

To distinguish photon and fermion legs, it is useful to employ the following notation

for the 2PI-resummed vertex function with 2m fermion and n photon legs:!!

rZmn) r&mn) ; . (2.46)

Q1 Qim0 Qo Yay WamVay = Pam APL-Abn

0,2) _

For instance, the photon and fermion two-point functions are written as I'yy™ =
I’fZAV = 0[] /6 AV A*|5—o and F(2 0 = F(Q) = 0T[¢] /010 00als=0 respectively. The
latter are obtained from eq. (R.41]) as, see ref. [@],

_ 08 5y (u,v) _
(0,2) Ry | PP\
D™ (zy) =Gy, (x,y) + e/uv tr <’yMD(x,u) FIm D(v,x)) , (2.47)
where the trace is over Dirac indices, and
_ 0% a(u,v) _
F%{O) (z,y) = iDo_;m(x,y) - e/ ’ygﬁ <D($,u) % G(v,x)> ) (2.48)
“ “ B

The 2PI photon-fermion vertex functions sz(w) = 5E¢w/5A and ZV( ) = 5E¢A/51/) ap-
pearing on the r.h.s. of egs. (B.47) and (R.4§) respectively satisfy the followmg integral

1We employed a slightly different notation in ref. @]
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equations [24)], see eq. (R.42):

sxac 0S5y - —i02T;
v pDZ¥ | 0 limt 2.49
san — Claet < SAN > 0Dy30Daa | . (2.49)
(e g
and B
SRaH oY - 52T
PA .o = YA F 1 int
= —teVaq + | D G| —| 2.50
3 g < e )ﬁy 0K 5, 0K ua | g (2:50)

where we leave space-time variables implicit for simplicity.'> In obtaining eqs. (R.49)-
(2.50), we have assumed C-invariance. It is implicitly understood that the various terms
in eqs. (R.47)-(R.50) are to be evaluated for vanishing fields A = 0, ¢» = 0 and 1) = 0.

It is remarkable that eqs. (.47) and (R.4§) have a very similar structure as standard

Schwinger-Dyson equations for QED two-point functions. Here, in place of 2PI-resummed
two- and three-point vertex functions which would appear on the r.h.s. for Schwinger-Dyson
equations, appear the corresponding 2PI vertex functions, defined previously.'® This would
make no difference in the exact theory, where 2PI-resummed and 2PI vertex functions are
identical. However it does make a difference with standard Schwinger-Dyson equations at
finite approximation order. For instance, a remarkable feature of the present equations
is that the three-point vertex functions appearing on the r.h.s. ’s satisfy closed integral
equations, egs. (£.49)-([R.5(), and do not involve higher order vertex functions, as would
be the case in standard Schwinger-Dyson hierarchy.

Notice that eq. (R.4§) for the fermion two-point function 20 illustrates the impor-
tance of keeping mixed correlators in intermediate calculations. Indeed, although 21; A
vanishes in the absence of sources, the 2PT three-point function 63 4 /0 is nonzero. Not
including mixed correlators in the 2PI generating functional would lead to a trivial (free)

expression for T(29) eq. (-43).

3. Symmetries

3.1 2PI Ward identities

Apart from the gauge fixing term, the classical action (R.1) is invariant under the gauge
transformation (R.2). This puts constraints on the ¢- and G-dependence of the 2P1 effective
action I'9p1[p, G] and, in turn, on the p-dependence of the 2PI-resummed effective action
I'[¢]. Equivalently, this results in nontrivial relations between various (2PI and/or 2PI-
resummed) n-point vertex functions. To analyze this, we write the classical action as

Sl = Ssyml[ee] 4 Sesle] (3.1)

12Tt is understood that the first terms on the r.h.s. of both egs. (R.49) and ()7 i.e. the classical vertex,
is local in space-time. We do not write explicitly the corresponding delta functions (see eq. (2.43)) for

notational convenience.
13This is also true for higher 2PI-resummed vertex functions. This is rooted in the fact that the interaction
term in the classical action is purely cubic.
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where Sgym[p] is the gauge-invariant classical QED action and Sge[p] is the gauge fixing
term. We consider the infinitesimal transformation

©— p+0y, (3.2)

where for general linearly realized symmetries!*

8o =6Ap+6B, (3.3)

with A4 and 6B field-independent two- and one-point functions of space-time respectively.
For the U(1) transformation (R.9), one has explicitly

5 A2,y) = 59 (@ - y)ia(e) Q, (3.4)

with @ a diagonal matrix in superfield space, whose components are given by the fermionic
Charges: an = Qmémru and

6B(x) = (—0a(x)/e,0,0)" . (3.5)

Performing the change of variable ¢ — @ + 6(®¢, with 6@ = §A@ + 6B in the path
integral (2.12) and using the fact that the measure D¢ is invariant up to a multiplicative
constant, one easily obtains, using standard manipulations, the following identity, which
expresses the fact that the functional W[J, K] is unaffected by this change of integration
variables, at linear order in the infinitesimal transformation:

<5<a>sgf[¢] + 8@ T + 8D o lCnm> =0, (3.6)

where

6ng [@]

58, e[p] = 6,8
gf[] P 690})

(3.7)

is the variation of the gauge-fixing action under (B.9) at linear order in 5@ p,
Using the relations (R.17) and (R.1§), eq. (B.6) can be traded for a constraint equation
for the 2PI functional:

(5P2p1 5F2PI -
5@ slg, — (@) )
Pp 5op + g 5G < Sef [QD]> ) (3.8)
with 6(® ¢ given by eq. (B-J) and
5@g = <(5<a>¢> o+ ¢ o) ¢t> > = 5AG+GOA. (3.9)

Note that, here, the gauge variations 5(0‘)@ and 6(® G have simple expressions because the
symmetry under consideration is linear. Nonlinearly realized symmetries are discussed in
appendix [A]

'1n this paper, we restrict our attention to the case where bosonic and fermionic components of the
superfield are not mixed by the symmetry transformation. This means that 6 A, # 0 iff (—=1)9 = (=1)
or, equivalently, |gm| = |gn|- In particular, the only nonvanishing components of the matrix J.A are c-
numbers.
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For linear gauges, the gauge fixing term is a quadratic functional of the electromagnetic
field only. Since the latter has a purely affine gauge transformation, one has the obvious

relation: 55.11]
(63 A (e} o £
(05[] ) = 6 Syel] = 6, E L. (3.10)
¥p
Then eq. (B.§) can be rewritten as
5@, O L 5@ 0 _

¥p @ + Gmn G <F2PI[Q05 g] - ng[SDD =0, (311)

which states that the functional I'55]' (¢, G] defined as
51 [, 6] = Tapile, G] — Serly] (3.12)

is invariant under the infinitesimal (gauge) transformation defined by eqgs. (B.J) and (B.9).
Eq. (BI1)) reflects the underlying (gauge) symmetry of the classical action at the level of
the 2PI effective action. This generalizes the standard result that the gauge fixing term
— or any quadratic functional of the electromagnetic field only — is not modified by loop
(quantum) corrections. This result can easily be generalized to arbitrary higher (nPI)
effective actions (see appendix [A]).

Using eq. (R.2(), one recovers the standard Ward identities for the 2PI-resummed

effective action (2.23):1°
1)
@ O (rr_ _
s, (Tlel = Sgliel) =0, (3.13)

which states that the functional T'sym || defined as

Loym[ip] = Tip] — Sgele] (3.14)

is invariant under the gauge-transformation (B.J). One has clearly

Toyml[ie] = Topr [, Glel] - (3.15)

The standard way to exploit eq. (B.13) is to take successive derivatives of both sides
of the equality with respect to ¢ and to set ¢ = ¢. This directly generates the standard
hierarchy of Ward identities for the 2PI-resummed n-point functions (.39), see section B.3

151t is interesting to note that for theories with cubic interactions, eq. (R.37), the 1PT Ward identities can
be entirely expressed in terms of the function G[p]. Indeed, inserting eq. (R.40) into eq. ) and using the
fact that, apart from the gauge fixing term, the classical action is gauge-invariant, i.e. 5(0‘)@,75(878%{)/&017 =
0, the 1PI Ward identities take the remarkably compact form:

Apmn 5@ Pp Gmn [‘P] =0.
For QED, this reads, explicitly:
1 _ . - _
— 202Gy (@, 30)) + i@ ag (@, 23 0) Y (@) — ih(2) Gua(z, 250) = 0.

where (QZAJ;)a = _C’;f‘(j; Ywao and (Fpa)a = Yu,aa _C’;f;‘jl We leave to the reader the instructive exercise to check
that the above equation indeed generates standard Ward identities for 2PI-resummed vertex functions.
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below. One may be tempted to adopt a similar strategy for exploiting eq. (B.11]), by
taking functional derivatives with respect to either ¢ or G. It can be checked by direct
inspection that taking derivatives of eq. (B.11)) with respect to ¢ does not bring nontrivial
information for cubic theories (R.37). This is due to the fact that, in that case, the exact
field dependence of T'yp1[p, G] is rather simple, see eq. (-3§). Differentiating eq. (B.11) with
respect to the propagator G and setting G = G[p] generates nontrivial relations between
so-called 2PI kernels, i.e. functions of the type 6" I'jnt /59”]@80] for arbitrary ¢. However,
it is not easy to extract useful information for, say the 2PI proper vertex functions (2.34),
from these relations. We shall not explore this direction further in the present paper.

In the next subsection, we follow a different strategy and exploit another aspect of
the 2PI Ward identities (B.11]). We point out that the latter does not only restrict the
functional form of the 2PI functional, but also strongly constrains the field dependence of
the correlator G[p] or, equivalently, of the self-energy X[p], see eq. (R.21). In turn, this
gives direct constraints for the 2PI vertex functions (R.34).

3.2 Ward identities for 2PI vertex functions

As an immediate consequence of eq. (B.19), one has that the physical correlator G[y],
defined as in eq. (2.20), is alternatively obtained as

o [,
ng [0, 0] —0, (3.16)
G ot
i.e. as the stationary point of a symmetric — gauge-invariant in the sense defined in the
previous section — functional. Let us now show that this constrains the field dependence
of G[p]. Taking a derivative of eq. (B.11]) with respect to G, one obtains

ST ST 661G ,) ST5pr
5(04) 2P1 6(04) n 2PI mn 2PI =0. 1
Qpp &Ppégrs + g 5gmn5g7"s 5g7"s 5gmn 0 (3 7)

'~

Now, from eq. (B.16) it follows that

PIHE |, 0Gmalel PTHY
&pp(sgrs g’[ﬂ 5‘101) 5gmn5g7"s

=0. (3.18)
Glel

Then, evaluating eq. (B.17) for G = G[p], one obtains

8Gmn [¢] ~ orsm
(@), Z¥mnl¥l _ s(a) 9 %opr
{5 gy O 9mll| 5o san

=0. (3.19)
Glel

Assuming the invertibility of §°T55; /6G5G| Gl One gets

o) Gmn )G
5( )QOP 5(pp[‘p] - 5( )gmn[()o] . (3'20)
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In other words, the function G[p] transforms covariantly under an infinitesimal gauge trans-
formation of its argument.'6
Using eq. (R21)) and the fact that, by definition, the inverse free propagator Gy 1 does

not depend on the field ¢, eq. (B.20)) can be rewritten as

X rn 0] 5
(@), ZZmnlf] _  s(a)5-1
5 SDP 6901) - 6 gmn [SD] ’ (321)
where
5G] = 6 A" G ] — GHp] 0 A. (3.22)

Eq. (B:21)) is valid for arbitrary field . Taking functional derivatives with respect to the
field ¢ and setting ¢ = @, one directly obtains a hierarchy of symmetry identities for the 2P1
n-point vertex functions (B.34). It is remarkable that these identities have the very same
form as the usual Ward identities for the 1PI, or 2PI-resummed vertex functions (2.39),
as we show in the following. This is one of the main results of the present paper. It is to
be emphasized that this does not rely on the identification (R.3() of 2PI vertex functions
with 2PI-resummed vertex functions. We note that the analysis presented here trivially
applies to the case of arbitrary (non-anomalous) linearly realized global symmetries (for
which Sgep] = 0). In that case, successive field-derivatives of eq. (8.21]) generate the global
form (i.e. involving an integration over space-time) of the corresponding Ward identities.!”
Using eqs. (B.3)-(B.H) and (B.23), we obtain the local version of the 2PI symmetry

identity (B-21)) in QED:

{qm 5D (z— 2) + g 6@ (2 — y)] (G (2,3 0) =

l 52mn(xay;90) iz 5imn(x’y§ gp) —2‘7 Py 5imn(az,y; S0)
85“7{2?(5) T e ) ap(z)

Below, we work out a few illustrative examples of the 2PI Ward identities which derive

from eq. (B.29). The simplest one is obtained by directly setting ¢ = @ = 0 in eq. (B.29).
The (¢, 1)-component of the resulting equation reads

(3.23)

QoL

1 _
—— oV @yiz) = [0 (@ = 2) =39 (= )| DId(w.y). (3.24)

15This can easily be understood as follows: By definition, the function G[y] realizes the minimum of
551 [p, G] as one varies G. Now gauge invariance reads, for infinitesimal transformations,

I, Glel] = Tiptle + 60, Glp] + 6G[y]) .

It follows that G[g] 4 6'®)G[¢] realizes the minimum of T3 [ + 6(*) ¢, G] as one varies G. One then needs
to have

Glo + 6] = Gle] + 66 o],
which is nothing but eq. (B.2().

" There are also local Ward identities associated with global symmetries, which involve correlation func-
tions with insertion of the corresponding Noether current operator, see e.g. @] These have been first
discussed in the context of 2PI methods in refs. @] Performing a similar analysis as presented here, one
can derive the corresponding local identities for 2PI vertices. However, they are more complicated than the
symmetry identities eq. (B.21)) and we shall not discuss them further in this paper.
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where we employed a similar notation as in eq. (2.46) for the 2PI three-point function:

ven _ye 0%
aas = Vi A JAn

(3.25)

@
Eq. (B:24) has the same form as the usual Ward identity relating the three-point photon-
fermion vertex function and the inverse fermion two-point function, here with 2PI vertex
functions.'® Similarly, taking successive derivatives of the (4, A)-component of eq. (B.23)
with respect to the electromagnetic field A and setting A =0, 1y =0 and ¢ = 0, we get,
using a similar notation,

82Vﬂ(,9;’g:r_2.2,i...op(x,y; 21,0 2y, 2p) =0, 1<i<p. (3.26)
Again, this is the 2PI version of the familiar result that n-photon vertex functions are
transverse in momentum space.

Notice that eq. (B.24) only holds for 2PI n-photon vertex functions with n > 3. In
fact, 2PI Ward identities do not impose any constraint on the photon two-point function
iG™' = iG4[@) BY. This is rooted in the fact that, contrarily to higher 2PT vertex
functions, the latter is defined as the solution of a stationarity condition, eq. (.20, and
not as a field derivative of some functional. Indeed, in general, symmetries only constrain
the functional dependence of various quantities of interest, such as the ¢ and G-dependence
of the 2PI effective action T'ypr[p, G|, eq. (B.11), the ¢-dependence of the 2PI-resummed
effective action T'[p], eq. (B.13), or of the correlator G[y], eq. (B.2(Q). Therefore, symmetry
identities only concern the derivatives of these functionals.

As a general result, to be emphasized, the fact that the 2PI two-point function iG~' =
iG~1[@] does not, in general, satisfy the standard (1PI) Ward identities at finite approxima-
tion order does not constitute a direct violation of the symmetry constraints of the theory.
For instance, in QED, the 2PI photon polarization tensor — i.e. the photon self-energy
Yaa [4,5] — does not have to be transverse in momentum space at any finite approximation
order. Similarly, in scalar theories with spontaneously broken symmetry, the 2PI two-point
function is not constrained to have a Goldstone mode at any finite approximation order.

This is to be contrasted with the 2PI-resummed two-point function I'® which, being
defined as a geometrical object — here the curvature of the 2PI-resummed effective action
in @-space, see eq. (R.39) —, is constrained by Ward identities [[L1]], see below. Only in the
exact theory, where the 2PI-resummed and 2PI two-point vertex functions are identical,
does the latter satisfies the usual Ward identities.

8For space-time translation invariant situations (e.g. in the vacuum), eq. (B.24) can be written in mo-
mentum space, where it has the more familiar form, leaving Dirac indices implicit,

—LRVE (k) =D (p+ k) — D (),
where the Fourier transforms of the functions Vf’l) and D7! are defined through the usual rela-

tions: (21)'6 (p+ p' + W)V (pik) = [, et # vERsy 2D (4 g2y and (21)16@W (p+ p') DL (p) =
[ A 2 ()
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Another related remark concerns the fact that, among the p + 2 legs of the 2PI vertex
functions eq. (R.34), two do not correspond to p-derivatives, but to the legs of the self-
energy %[p]. It also follows from the above discussion that (2PI) Ward identities generally
do not apply to these particular legs. For instance, the identity (B.24) applies to the vertex
VI = —i0 /64, not to VY = —id% /00 = —i6%ay /6% = —V.°) . Although they
also represent the photon-fermion vertex, the latter are not constrained by the underlying
symmetry. Similarly, eq. (B:2() for 2PI p + 2-photon functions only holds for the p legs

corresponding to p-derivatives.

3.3 Ward identities for 2PI-resummed vertex functions

As shown previously, the 2PI-resummed effective action (2.23)) satisfies the standard Ward
identities, eq. (B.13), as it should [[1] (see also [id, [[7, [[9]). By taking derivatives of
eq. (B.13) with respect to ¢ and setting ¢ = @ = 0, one generates the standard symmetry
relations between 2PI-resummed proper vertex functions (R.32). To compare the structure
of these identities with the ones derived in the previous subsection for 2PI vertex functions,

it is useful to introduce the 2PI-resummed two-point function in presence of a nonvanishing

field:
5]

0ondom
Obviously, 2PI-resummed n-point functions with n > 2 can be obtained from the latter
by taking field derivatives evaluated at ¢ = @: I'P*2) = 6pI’(2)/6gop|¢. Taking two field
derivatives of eq. (B.1J) and using the fact that the gauge fixing action is a quadratic

INGAE)

(3.27)

functional of the electromagnetic field only, one readily obtains the following equation:

o), OThn o
5@, T 5@ ], (3.29)
Pp
where
ST (] = —5A' TP ] — T P[] 6A. (3.29)

Eq. (B:29) merely states that the variation of the two-point function I'® [¢] under a gauge-
transformation (B:3) of its argument is given by the gauge-transformation §(¥T®)[g] of
I'®[p]. Taking further field derivatives of eq. (B.:2§), one generates the standard Ward
identities involving 2PI-resummed n-point functions with n > 3.

Egs. (B-28)-(B.29) are to be compared to (B-21)-(B.23). Since 2PI-resummed and 2PI
vertices are obtained as @-derivatives of I'®[g] and [¢] respectively, see eqs. (2:39) and
([2-39), it is clear that, as announced earlier, Ward identities derived from eq. (B.2§) for
the former and from eq. (B.21)) for the latter have the very same structure. We empha-
size once again that this result does not depend on identifying 2PI-resummed and 2PI
vertex functions, but relies solely on their respective definitions involving field derivatives.
This is important since 2PI-resummed and 2PI vertex functions differ in general at finite
approximation order. The remarkable result is that, if the given approximation satisfies

the symmetry requirement (B.11), the vertex functions defined in eq. (2.32) and eq. (2.34)
satisfy the standard Ward identities independently.
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For completeness, we write eq. (B.2§) in a similar form as eq. (B.21)):

~[am 8D (@ = 2) + 48D (y = )| T, 9) =

1, 6T (2, y50) ST (m,yi0) .~ ST (2,45 9)
g%—(mﬂ(z) +i(z) — o) —“/)(Z)—&;(Z) (3.30)

As an illustration, the (¢,1))-component of this equation evaluated at ¢ = @ = 0 is just

the famous relation between the 2PI-resummed three-point and two-point functions:
1
~OT ) (w,y,2) = 1|6 (@ - 2) = 6 (= )| T8 (2.). (3:31)
e

This is to be compared to eq. (B.24) for the corresponding 2PT vertices.

As already mentioned, there is an important difference between Ward identities for
2PI-resummed versus 2PI two-point vertex functions. Contrarily to the latter, iG~![7], the
2PI-resummed two-point function I'? = (2 [#], being defined as a geometrical object, is
constrained by a (1PI) Ward identity, obtained by deriving eq. (B.13) once with respect to
 and setting ¢ = ¢:

_ _ 0Sgty]
5@z 12 — sla)z —Zetlr] 3.32
where 6@ = 6Ap 4 6B. In the QED case, with ¢ = 0, eq. (B:3]) states that the 2PI-

resummed two-photon function T'%2) satisfies

2
IO (2.9) = 01

A )0AL ) (33

For space-time translation invariant situations, this is the standard statement that the
longitudinal part of the photon two-point function in 4-momentum space does not receive
any loop correction. The corresponding 2PI-resummed photon polarization tensor 11, =
82(T'[¢] — Solp]) /0 A¥ 6 A* is transverse in momentum space [L1]:!"

Ot (z,y) = 0. (3.34)

Finally, it is interesting to underline the deep relation between Ward identities for
2PI1 and 2PI-resummed vertex functions. For instance, recall that the 2PI-resummed two-
photon function is related to 2PI vertex functions through eq. (R.47). It is crucial that the
2PI three-point vertex V(1) o 6%5,/0A satisfies the Ward identity (B.24) for eq. (B.34)
to hold.

4. Gauge-invariant approximation schemes

So far, we have obtained (gauge) symmetry identities for the exact 2PI and 2PI-resummed
effective actions and n-point vertex functions. For practical purposes, it is desirable to

9Similarly, for O(N) scalar theories, the 2PI-resummed two-point function does have exact Goldstone
modes in the broken phase [@,
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find approximation schemes which preserve these identities.?’ To this aim, it is enough

to preserve eq. (B.11]), or equivalently eq. (B.19). For instance, this directly implies the

covariance property (B.2() of the (approximated) function G[p], from which Ward identities

for 2PI and 2PI-resummed vertex functions derive. Here we discuss symmetry preserving

approximation schemes in the context of the standard 2PI diagrammatic expansion [g].
Consider a general finite linear transformation of the superfield (2.5):

o — o =Ap+B, (4.1)

where A is a matrix and B a vector in superfield space, the finite analogs of the infinitesimal
5A and 6B in eq. (B.3).2! The corresponding transformation of the connected correlator

(2.29) is linear:

G— G =AgA. (4.2)
For the U(1) transformation (2.9), one has, explicitly,
Alw,y) = 09 (z — y) exp (ia(2)Q) (4.3)
with Qumn = ¢mmn, and
B(z) = (—0a(z)/e,0,0)" . (4.4)

For instance, the components of the gauge-transformed correlator G(®) are given by
Gl (z,y) = ) G (3, ) W) (4.5)

Notice, in particular, that, since that electromagnetic field A has a purely affine transfor-
mation, the corresponding connected correlator G = G4 is invariant [J:

G;(flé/) (.%', y) = Guu (1’, y) : (46)

This is another way to see that the underlying gauge symmetry cannot put any constraint
on the 2PI photon two-point function.

The standard diagrammatic expansion of I'spi[p, G] can be constructed from the so-
called Cornwall-Jackiw-Tomboulis (CJT) parametrization of the 2PI effective action [g].
For the functional I'S51 [, G defined in eq. (B.19) it reads

i _ ] _
op1 [0,G) = Ssym[e] + 5 StrIng t+ 5 Str G [Pl G + o[, 4], (4.7)
with the classical propagator

3omdpn

and where Sgym[¢] has been defined in eq. (B.I]). Here I's[p, G] is the sum of closed 2PI
diagrams with more than two-loops.??

Gt mn ] (4.8)

20In particular, this is important for the purpose of renormalization [@, Q]
21'We assume the same restrictions on A as before for §.A.
22The CJT representation can be simply related to the interaction representation ( through

Tintle, 6] = Sint[] + % StrGii ] G + Iafe, 6],
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We would like to show that, within eq. (L.7), one can identify elementary contributions
(each of which involves a finite number of terms) which are independently invariant under

the transformation (f.1)-(f.2) and thus which satisfy eq. (B.11]). The first term in eq. ([.7)
is clearly gauge-invariant since, by definition,

Ssym[@] = Ssym[go(a)] : (4'9)

As for the second term, it can be rewritten as a Gaussian functional integral (see ap-
pendix [B)):

) 1
% StrLnG™! = —iLn/ng exp {5 otig! cﬁ} + const. , (4.10)

where ‘const.” denotes a G-independent contribution. A gauge transformation (f.3) of G,
can be absorbed in a change of integration variable on the r.h.s. . The corresponding
Jacobian is simply a constant for the linear transformation (f.J). Thus the second term on

the r.h.s. of eq. (.7) is gauge-invariant up to an additive, unphysical constant:?3

. L
%Stan <g<a>> = %Stang*I — iStrLnA. (4.11)

To analyze the gauge transformation of the third (one-loop) term in eq. (f.7), we make
use of the decomposition (B.1) and write

Ga'le] = Gomlel + G (4.12)

where gs—y}n

by Ssym[p] and Sge[¢]. Note that for quadratic gauge fixing actions, gg}l is independent of
the field . It follows from eq. ([.9) that

[¢] and gg*fl are defined as G '[¢] in eq. () with S[y] replaced respectively

t »—1 « -1
A' Gl @A = Gl (4.13)
which immediately implies, using the cyclicity of the supertrace,?* that
Str{ Ghlp @16 | = st { G5 bl G} (4.14)

As noted above, the term gg—fl in eq. ({.19) is independent of ¢ and, therefore, invariant
under the gauge transformation ([L.J]). Moreover, since the gauge fixing action Sgf[p| only
depends on the electromagnetic field A, one has

Str {z'gg*fl g} —Tr { i‘;i G} . (4.15)

This is clearly gauge-invariant since G = G4 is, see eq. ([.6), and, for linear gauges,

628, /0 ASA is A-independent.

where iGL [@] = (=1)76%Sint[@]/00mIpn. As mentioned previously, for cubic theories, eq. (), the

int,mn

o dependence of the 2PI effective action is all contained in the classical and one-loop contributions and,

therefore, the functional I's in eq. (R.7) is p-independent: T'2[p, G] = I'2[G], see eq. )
ZFor the U(1) transformation ), one has StrLnA = 0.

240ne has: Str(AB) =Y. 1) ApmBmn =Y —1)? By Aem = Str(BA).

n,m( n,m(
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Let us now consider the CJT functional I's[p, G], which contains all the information
beyond one-loop order. A given diagram contributing to I's[p, G] is in general not invariant
under ({1)-(f.2) and one needs to consider particular subsets of diagrams to build gauge-
invariant contributions. In particular, the vertices needed to construct the diagrammatic
representation of I'y[¢, G| are obtained from the shifted action S[p+ @], as explained before.
Some of these vertices depend on the field ¢ and have, therefore, a non trivial gauge-
transformation. For instance, it is clear that the affine contribution (i.e. B in eq. (f£1)) to
the gauge-transformation of a ¢-dependent vertex in a given diagram can only be canceled
by the gauge-transformation of another diagram.

The construction of (gauge-)invariant subset of diagrams is made simple if one expresses
the diagrammatic expansion of the I's[p, G| in terms of the classical vertices

&Syl

(n) —
Mol = 50 e

(4.16)
For n > 3, there is no contribution from the (quadratic) gauge-fixing action to these ver-
tices and, therefore, their gauge-transformation is completely determined by the symmetry
property (9):

Nt [0 = N5 o] Apyimy -+ Ay

p1mi PnMn *

(4.17)

Notice that the classical vertices can contain differential operators which act on the local
gauge-transformation matrices A~"! in eq. (E17). Now, consider such a vertex plugged into
a given diagram in the 2PI expansion. There will be n propagator lines attached to it,
giving rise to a contribution of the form:

)‘%Ll)mn [(P] gmlal e gmnan ) (418)

where the endpoints aq - - - a, are to be attached to other classical vertices, elsewhere in the
diagram. A gauge transformation of this contribution reads

)\sgl)mn [(p(a)] g7(7?1)a1 U g7(7(1)2an
= >‘7(7?1)mn [Sp(a)] Amlm e 'Amnpn gp1b1 T gpnbn Altnal T Altynan
= Mt [2] Gontn G by Abar (4.19)

where we used eq. (JL.17). Clearly, the gauge-transformations corresponding to the end-
points my - - - m,, of the propagators attached to the (classical) vertex under consideration
cancel with the gauge-transformation of the vertex itself. The gauge-transformation corre-
sponding to the endpoints a; - - - a,, are to be canceled in a similar manner with that of the
vertices to which these endpoints are attached in the (closed) diagram.2> In conclusion, we
see that in order to construct (gauge-)invariant subsets of closed 2PI diagrams contributing
to I'a[p, G], it is sufficient to organize the diagrammatic expansion in terms of the classi-

~

cal vertices (§.16)), which merely correspond to summing all vertices of the shifted action

Z5Notice that the one-loop term discussed previously is a particular case of the present argument, suitably
adapted to the case for n = 2.
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S[e + ¢] having the same number of ¢-legs. Indeed, it is this sum, and not the individual
vertices, which has a simple gauge-transformation property, eq. (f.17).

The situation is particularly simple for cubic theories (R.37), such as QED, since, in
that case, there is a single, p-independent vertex:26

)\522112 = )\mnp . (4.20)
Therefore, the functional I'y[G] is simply the set of closed 2PI diagrams made with lines
G and the classical vertex. It follows from the above discussion that any such diagram
is gauge-invariant. It is interesting to see the above general argument at work in this
particular case. At each vertex of the diagram are attached three lines, giving a term of
the form

Amnp gmal (CE,CEl) gnag (CC,CEQ)gpaS(CC,CUg) s (421)

where x is the space-time location of the vertex, to be integrated over, and the a;’s and z;’s
are to be attached to other vertices in the diagram. In QED, the local phase factor from the
gauge transformation ({.J) associated with this vertex is given by ellamtantap)a(®) — 1 gince
the classical vertex A,y,, # 0 only for ¢, + ¢, + g, = 0. In conclusion, any approximation
of the 2PI effective action based on the 2PI diagrammatic expansion is gauge invariant.

In theories with more than cubic interactions, higher order classical vertices appear in
the construction of I's[p, G]. In that case, individual diagrams are not separately gauge-
invariant. The procedure described above allows one to build systematic gauge-invariant
approximations. This is illustrated in appendix ) in the case of SQED.

5. Conclusion and outlook

In this paper, we have studied the implications of the symmetries of the classical action
on the quantum theory in the context of 2PI functional techniques?” for abelian gauge
theories. Our results apply to theories with arbitrary linear global symmetries as well.

It is known that approximations based on 2PI techniques generally do not satisfy the
standard Ward identities associated with the underlying symmetries of the theory. This
fact should, however, be interpreted with care. The main point of the present paper is
to emphasize that symmetry constraints on the 2PI effective action can be quite different
from the usual ones for the 1PI effective action. A careful analysis of symmetry constraints
in the 2PI framework in fact reveals that the relevant (i.e. 2PI) Ward identities are fulfilled
by generic 2PI approximations.

We have derived generalized (2PI) Ward identities for the various n-point vertex func-
tions in the 2PI framework and have devised a systematic procedure to build approximation
schemes which satisfy the symmetry constraints at any finite order in the context of the
diagrammatic representation of the 2PI functional. For instance, in QED, each closed 2PI
diagram satisfies the required symmetry constraints. As a consequence, the 2PI Ward
identities are exactly satisfied at any approximation order.

26That is the reason why the CJT functional I'y is independent of ¢, see eq. )
2"Higher (nPI) effective actions are discussed in appendix |A].
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Furthermore, we have shown that the inverse propagator iG~![¢], which defines the
extremum of the 2PI effective action in propagator space, is not directly constrained by the
underlying symmetry. Therefore, the well-known fact that the latter does not satisfy usual
symmetry constraints (e.g. the corresponding photon polarization tensor is not transverse
in momentum space) for generic approximations does not constitute a violation of (2PI)
Ward identities.

We have also shown that, as a consequence of 2PI Ward identities, the so-called 2PI-
resummed effective action, i.e. the 2PI functional evaluated at its extremum in propagator
space, I'[¢] = Tapi[p, G[]], satisfies the standard symmetry constraints, as expected [[[T].
This generalizes previous results for global symmetries [[L—[Lg (see also [L9]) to abelian
gauge symmetries. In other words, the 2PI-resummed vertex functions, obtained as deriva-
tives of the 2PI-resummed effective action evaluated at the physical point ¢ = ¢, satisfy
standard Ward identities.?® For instance, the 2PI-resummed photon polarization tensor in
QED is transverse in momentum space at any approximation order.

We have identified another class of n-point functions in the 2PI framework which ex-
actly satisfy the standard Ward identities at any approximation order. These “2PI vertex
functions” are obtained as field-derivatives of the two-point function G~1[p] or, equiva-
lently, of the self-energy Y[p], evaluated at the physical point ¢ = @. Alternatively, they
can be obtained as solutions of appropriate Bethe-Salpeter—like equations. Although 2PI-
resummed and 2PI vertex functions are identical in the exact theory, they differ in general
at finite approximation order. It is remarkable that they separately exactly satisfy the
standard Ward identities (except for the 2PI two-point function) at any order of approxi-
mation.

It is important to stress that the present results concern the bare (unrenormalized)
theory. A crucial issue is to check that the symmetry constraints mentioned above are
preserved after renormalization. This is the purpose of ref. [24]. There we show that
the Ward identities derived in the present paper play a crucial role in constraining the
possible UV divergences of the various n-point functions in the 2PI framework. In turn,
the counterterms needed to renormalize the theory at any finite approximation order do
satisfy the symmetry constraints derived here [R4].

We believe the present analysis of 2P Ward identities together with the renormaliza-
tion proofs presented in refs. [@, @] provide a solid theoretical basis for practical appli-
cations of 2PI techniques to abelian gauge theories, see e.g. [BJ]. The study of nonabelian
gauge theories deserves further investigation.
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Z8We stress that mixed correlators play a crucial role for this to be true.
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A. Slavnov-Taylor and Ward identities for nPI effective actions

We first recall the definitions of the n-particle-irreducible (nPI) effective action [ (see
also [BY)). We consider a general field theory for a set of bosonic and/or fermionic fields
which we collectively represent by a superfield . All correlation functions of the theory
can be obtained from the generating functional

)

GWIK] — WKW, ] _ / D SIPHiI Ty 5y ¢ KW (A.1)

where S[y] is the classical action of the theory and KO, ..., K™ denote a set of 1-,...,n-

point classical sources, coupled to products of 1,-- -, n fields respectively. Here, we employ
the shorthand notation:
GO =@, .. o, KB (A.2)

Notice that, due to the Grassmanian character of the fermionic components of ¢, the sources
have the following symmetry property under permutation of any neighboring indices:

Kc(p) = (=1)Im 2 [ (P) i (A.3)

ninz...Np n2any...Np

Correlation functions of superfield operators can be obtained by differentiation with respect
to the classical sources. For instance, one has

SWIK] 1, N R
T (P bm) = 18y (A1)

where the brackets denote an expectation value in presence of the classical sources, gener-
alizing the definition (R.27) to the case of p-point sources with 2 < p < n. Notice that the
functions Cp, .., defined in eq. (A:4) represent the full p-point correlators, including un-
connected contributions. We shall denote by Gy, .., the corresponding connected p-point

)

correlators (or cumulants). One has, for instance, gf) = C%l for the one-point correlator,
gg) = Cg) - CF)CS) for the two-point correlator, etc. Using a shorthand notation similar
to the one employed before, see eq. (A.9), eq. (A.4) can be written as

=5 (A.5)

The n-particle-irreducible (nPI) effective action is defined as the multiple Legendre
transform of the generating functional ([A.T]):

Caplg] = Laprl6®). 6] = wik] - 32 L0 0 oo (A.6)
p=1

It is traditionally parametrized in terms of the connected correlators G, However, for our
discussion on Slavnov-Taylor identities below, it proves useful to exploit its dependence on
the full correlators, the C’s. That is the reason why, in the following, we often consider
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functional derivatives of the nPI effective action with respect to the C’s. For instance, using
the same notation as before, one has the relations
6rLwpi[g] _ drDwpilg] 1 w =L

6C®) 507(57),11 __E ni..np — ol . (A?)

Physical correlation functions are obtained for vanishing external sources.

The (1PI) effective action of the theory I'[p], that is the generating functional for n-
point vertex functions can be obtained as the nPI functional eq. ([A.g) for vanishing p-point
sources with 2 < p < n. Writing ¢ = G() for the one-point function, we have

I'ly] = Tipile] = Tuptle, 6@ [g], -+, 6™ ] (A.8)

where the functions G)[p], are obtained from eqs. (A7) at vanishing sources, which are
easily shown to be equivalent to the stationarity conditions

drT'wp1[G]

=0 for 2<p<n. (A.9)
0G®) gy,

Eq. (A.§) defines the nPI-resummed effective action.
We now consider the constraints that symmetries of the classical theory put on nPI
effective actions. Here, we consider a general (local, nonlinear, etc.) continuous symmetry.

We write the classical action as
Sle] = Ssymle] + Sep ] (A.10)
where Sgym[¢] is invariant under the infinitesimal transformation
o —p+6p, (A.11)

and we allow for an explicit symmetry breaking term Sgp[p] (for instance a gauge-fixing
term in gauge theories). In general, the infinitesimal variation 8@y can be a nonlinear,
space-time dependent, functional of ¢.

Using similar manipulations as those leading to eq. (@), one easily obtains the fol-
lowing symmetry identity:

< 5 S ] <a>¢> @P! /c<p>> =0, (A.12)
where we used a similar notation as before:2?
§@pert KP) = 6 gy Gy ., KP) (A.13)

Defining the variation of the correlators C?®) | introduced previously, as

e <5<a>¢m ¢n2...¢np> oo+ <¢m R 1C >%>, (A.14)

2In deriving eq. (), we made use of the symmetry property eq. @)
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and using eq. (A7) to eliminate the sources £®) in eq. (A.13), one has

) 0rl e i
Zé“c Réch)[g] CRENES (A.15)

or, equivalently, recognizing the Lh.s. as the change 6(® T p; [G] of the nPI functional under
the symmetry transformation eq. ([A.14),

Lup1[G Z 5@ ‘”*Fnifl)[g] - <5<a>ssb[¢>]>. (A.16)

Here the sources K on the r.h.s. are given as functions of the G’s by eq. (A.7). Eq. (A.16)
makes clear that, although, we made use of the correlators C?) in deriving eq. (A1), ev-
erything can finally be expressed in terms of the connected correlators G®). The variations

§(@)G®) under the infinitesimal transformation can be simply obtained from eq. (A.14) by
replacing the expectation values (- - -) by connected expectation values (- - -).. For vanishing
symmetry breaking Sgp[p] = 0, eq. (A.16) states that the nPI functional is invariant under
the transformations ) — G®) 4+ 5(°‘)Q(p), as defined above. This generalizes the standard
(1PI) Slavnov-Taylor identity to nPI effective actions. Of course eq. (JA.16) contains, as
a particular case for n = 1, the standard (1PI) Slavnov-Taylor identities. Equivalently,
setting G®) — G@ ] for 2 < p < n in eq. (A1) and using eq. (A.9), one recovers,
in the absence of symmetry breaking, the standard Slavnov-Taylor identities for the nPI-
resummed effective action T'[¢] [BJ.

In general, Slavnov-Taylor identities are difficult to exploit because the transforma-
tions ([A.14) of the p-point correlation functions involve higher-order correlation functions,
which are not arguments of the nPI functional and, therefore, need to be calculated for
arbitrary sources. However, this is not so for the class of linear symmetries considered
in the present paper, where F[p] = Ay + B, for which the transformation ({A.14) of the
p-point correlator only involves lower or equal order correlation functions.

The results of section ] are easily generalized to nPI effective actions. For instance
for QED (or SQED) in linear gauges, the symmetry-breaking action is given by the gauge-
fixing term: Sgp[p] = Sgt[¢], which is a quadratic functional of the electromagnetic field
only. In that case, one easily shows that the functional

Iop1 9] = Tupi[G] — Set[] (A.17)

is gauge-invariant, i.e. invariant under the gauge-transformation (JA.14). Taking functional
derivatives of this equation with respect to the GP)’s, one generates the nPI generalization
of Ward identities. Moreover, since the gauge-fixing (or explicit symmetry-breaking) term
n ([A17) only depends on the one-point correlator ¢ = G, one has

SrTwp1  ORIRT

500~ oG for p>2. (A.18)
It follows that, compare to eq. (B.20),
5 () _
5(a>%%¢[¢] _5@GD ] for p>2, (A.19)
q
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where the variations 6(®GP)[p] are defined as in eq. (A.14) with £K?=?) = 0. Eq. (A.19)
is valid for arbitrary field . Taking functional derivatives of both sides of the equality
and setting ¢ = ¢, one generates an infinite hierarchy of nPI Ward identities relating
various p-point functions of the theory. For the exact theory, they are identical to the
usual Ward identities. However, for finite approximations, where the relation between the
variational vertex functions ,C’;p and the p-point functions obtained by functional derivatives
of the (nPI-resummed) effective action I'[¢] is not satisfied in general, these identities are
non-trivial.

B. The 2PI effective action in the superfield formalism

Using the textbook formulae for multi-dimensional Gaussian integrals on c-numbers z;,
t=1,..., Ny, and a-numbers §,, a = 1,..., Ny:

/dNbx e*%:l?i:vajHr:BiJi x ef%trlnMJr%miMi;lmj , (Bl)
where M is a symmetric Ny X N matrix and J an Np-component vector of c-numbers, and
/deé' efégangba‘f’gana x e+%trlnH+%77aHa_bl77b , (B2)

where H is an antisymmetric Ny x Ny matrix of c-numbers and 7 is an Ny-component vector
of a-numbers, it is a straightforward — though nontrivial — exercise to show that [B4, B9

1 1 1 —1
/dNX 67§XanMnm+ijm o e*§Str1nM+§\7man\7n , (B?))

where y = (z,£)! is an N-component superfield (N = N, + Ny), d¥x = dNox dNr¢ and str
denotes the supertrace:

str M =) (1) My, - (B.4)

Here, the N x N matrix M is such that M,,,, = (—=1)9% M,,,,. The component M, is
a c-number if ¢, + ¢, is even, an a-number otherwise. Similarly, the component 7, of the
supervector J is a c-number if ¢, is even, an a-number otherwise.

For the free theory, with classical action given by eq. (B.9), the generating functional
(2.19) is Gaussian and can be computed exactly (beware of factors i):

i i
WIJ,K] = 5 Strin M + 5 TmMk T s (B.5)
where Str denotes the functional supertrace (it involves a space-time integration) and where
Mppn = (_1)%%}1% — i, - (B.6)

Using eqs. (R.14)-(R.17), one easily obtains, for the one- and two-point connected correla-
tors,

Om = 1T ML and Grmn = (—1)" M,,L . (B.7)
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Finally, the Legendre transform (R.16) is easily calculated. It can be expressed as

Toptlp, G] = Sole] + % StrlnG~! + % Str G, 'G + const. (B.8)

This generalizes the standard expressions of the free part of 2PI functional in the cases
where only bosonic or fermionic degrees of freedom are involved [f]l-[].3° Notice that in
the general case, with both bosonic and fermionic degrees of freedom, mixed components
of the correlator must be included and the 2PI effective action is not just the sum of the
purely bosonic and the fermionic parts.

For the theory with interactions, one can parametrize the total effective action as in
eq. (.19). The construction of the interaction part I'iy[p,G] as the set of closed 2PI
diagrams with lines given by G and vertices obtained from the shifted action S[p + @]
follows the steps of ref. [B].

C. 2PI and 2PI-resummed vertex functions

Here, we show that 2PI-resummed and 2PI proper vertex functions, defined in egs. (2.39)
and (R.34), are identical in the exact theory, see also [f]. We start with the identity:

5L90m 5Rk7p
0pm = 0pn , C.1
so 57, 9" oem (C.1)
valid for an arbitrary variation dp. It follows that
OLm ORJ,
—1)tntandy T TP — 5 C.2
(et 2 (©2)
Now, it is clear from eq. (R.12) that, in the exact theory,
0Lm SEW[T,K=0
= = — ngn 5 C3
0Tn lxeo  0Tm0Tn v (©9)

where it is understood that the leftmost derivative (here d1/d7,,) is to be taken first. One
has also, from eqgs. (:17), (B:20) and (P23),

) YAN
wp| - Opllel (C.4)
0pn =0 530n580p
Therefore, eq. ([C.9) reads
5 33T [¢]
Grmplp] = = i(—= 1) 6y, C.5

which is equivalent to eq. (R.3§). The identity between 2PI-resummed and 2PI vertex
functions in the exact theory, eq. (P-3§), follows.

30The standard expression of the 2P1 effective action in the case with only fermionic degrees of freedom [ﬁ],
discarding mixed correlators F and F (see eq. ())7 can be obtained from eq. (E)7 by replacing G5 * and
G by the free inverse fermion propagator Dy ' and the connected correlator D respectively, and by replacing
the factors i/2 on the r.h.s. by factors —i. The minus sign comes from the definition of the supertrace and
the factor 2 comes from the fact that for relativistic (Dirac) fermion species, one has to introduce a doublet
of spinor fields & = (1, ¥")".
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D. Gauge-invariant approximations in 2PI scalar QED

The classical action for scalar QED (SQED) reads, in covariant gauge,
1
S[A, ¢, 1] = / { =~ 61(0% + mY)o + 5 A |90 — (1 - X)9,0, | A
—ieAM[¢ 0’ — ¢10, 0] + e2A“Aﬂ¢T¢} : (D.1)

where ¢ is a complex scalar field and X is the gauge-fixing parameter. Apart from the

gauge-fixing term, it is invariant under the gauge transformation

o(z) = *Wo(a), ¢l(z) - Wl (@), Au(z) — Ay(z) - é Ipa(), (D.2)

where a(x) is an arbitrary real function. Following the analysis presented in the paper, one
introduces the superfield ¢ = (A, ¢, #")* and the corresponding correlator G as in (2:29).
The gauge transformation of the latter is given by eq. ({.5). Clearly, the results of section [
directly apply to this case. Note that this includes the possibility of spontaneously broken
gauge symmetry.

For what concerns the construction of gauge-invariant approximations to the 2PI ef-
fective action, the situation is more involved than in spinor QED, see section f], owing to
the presence of both a derivative trilinear coupling and a quartic coupling in the classical
action (D.I]). When involved in a given diagram of the 2PI expansion, the former acts on
the scalar leg of (mixed) propagators attached to the vertex, giving rise to a nontrivial
gauge transformation of the diagram. Similarly, the quartic coupling gives rise to an A*-
dependent trilinear vertex in the shifted action S[p + ¢|, which also leads to a nontrivial
gauge transformation of any diagram in which it is involved. In order to build gauge-
invariant approximations, one has to identify gauge-invariant subsets of diagrams, where
these nontrivial gauge transformations cancel.

The general procedure described in section [ teaches us to organize the diagrammatic

expansion in terms of the classical three- and four-point vertices

oL 8SIA6, 6]
N5 A) = e )
= —ied®(z — 2)0D (y — 2) [Dﬁ(A)T - Dg(A)] (D.3)
and
_ 5S[A,0,6]
Wolew 20 = 5 A )00
— 22,60 (0 — 2)50 (y — )00 (2 — ), (D.4)

where we have introduced the covariant derivative Djj(A) = 0} —ieA,(z). Consider then a
given 2PI diagram involving the derivative, field-dependent three-point vertex A®). Clearly,
the covariant derivatives act on the scalar leg of (mixed) propagators attached to the vertex,

giving rise to a mere local phase factor under a gauge transformation. The phase factors
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associated with the two scalar legs attached to the vertex cancel with each other, in a

similar way as in QED, see eq. (.21). A similar cancellation of phase factors arises at each

four-point vertex A4,
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